Abstract. We are interested in the regularity of positive, spherically symmetric solutions of a class of quasilinear elliptic equations involving the p-Laplace operator, with an arbitrary positive growth rate e 0 on the gradient on the right-hand side. We study the regularity of a class of strong and weak solutions at the origin. Furthermore, we find some conditions under which strong solutions are classical.
Introduction
This work is a continuation of studies of spherically symmetric solutions of quasilinear elliptic equations in the ball, see [3] [4] [5] [6] [7] . Also, some results of this studies has been applied in [2] . While in these references the emphasis was put mostly on the problem of existence and nonexistence of solutions, here we concentrate on the problem of regularity of solutions near the origin. The main results are contained in Theorem 1.3 and Corollaries 1.5 and 1.7. The proofs make use of a suitable integral representation of solutions (see [6] ), introduced in [5] , and further extended in [3] .
This paper provides some generalizations of the main results in [7] , where the problem of existence of positive symmetric strong solutions of quasilinear elliptic equations has been studied, involving p-Laplacian in the ball. These equations allowed simultaneous strong dependence of the right-hand on both the unknown function and its gradient and also studied a posteriori regularity of solutions. Here, we consider some qualitative properties of a class of strong and weak solutions of quasilinear elliptic equations with strong dependence on the gradient such that the exponent on the gradient is any positive number.
In this paper we study the regularity of positive, spherically symmetric solutions of the following quasilinear elliptic problem:
in B \ {0}, u = 0 on ∂B, u(x) spherically symmetric and decreasing.
(1.1)
Here B is an open ball of radius R centered at the origin in R N , 1 < p < ∞, and ∆ p u = div(|∇u| p−2 ∇u) is the p-Laplacian. The Lebesgue measure (volume) of B in R N is denoted by |B|, and the volume of the unit ball is denoted by C N . The dual exponent of p > 1 is defined by p ′ = p p−1 . We assume thatg 0 ,f 0 and e 0 are positive real numbers. By a strong solution we mean a function u ∈ C 2 (B \ {0}) ∩ C(B) which satisfies (1.1) pointwise. In [4] we showed that the exponent e 0 = p − 1 on the gradient in (1.1) is critical in the following sense: if 0 < e 0 < p − 1 problem (1.1) is solvable for all positiveg 0 andf 0 (which is known result), while for e 0 > p − 1 we have nontrivial existence and nonexistence regions in the positive quadrant of (g 0 ,f 0 )-plane. The main results in [4] have been given in the next two theorems. 
then there exists a strong solution of quasilinear elliptic problem (1.1); (b2) if m < e 0 /(p − 1 − e 0 ) and
then problem (1.1) has no strong solutions.
The explicit values ofC 1 andC 2 can be expressed in dependence on N , p, m, T and e 0 (see [3, 4] ).
We have proved the existence result stated in Theorem 1.1 by studying the corresponding singular ODE, (see [3, 4] ):
where γ, δ, ε, g 0 , f 0 , are positive constants, depending on N , p, m,f 0 ,g 0 and e 0 . For ε > 0 this equation is singular at t = 0. An existence result of ODE (1.4) was obtained for ω in the set:
for γ > 0 and for suitably chosen constant M , which enables to apply Schauder's fixed point theorem.
Following the terminology introduced in [3] , we say that u is an ω-solution of a quasilinear elliptic problem (1.1), if it is a strong solution which can be obtained as an integral representation
generated by a solution ω of equation (1.4), with additional requirement that 0 ≤ ω(t) ≤ M t γ , for suitably chosen constant M > 0. Furthermore, the following relation holds for all r ∈ (0, R]:
whereũ(r) is defined byũ(r) = u(x), r = |x|. Under some additional conditions, strong solutions of (1.1) described above are also weak solutions in the Sobolev space W 1,p (B). . Then any ω-solution of quasilinear elliptic problem (1.1) is also a weak solution.
Main results
In Theorem 1.1 we have proved more than just existence of strong solutions: there exist ω-solutions of quasilinear elliptic problem (1.1). It is easy to see that ω-solutions are in C ∞ (B \ {0}). Indeed, from (1.4) for any solution ω ∈ D of (1.4) we can see inductively that ω ∈ C k ((0, T )) for all k ∈ N. Using integral representation (1.6) for any strong ω-solution u we see to be in C k (B \ {0}) for all k ∈ N, hence it is in C ∞ (B \ {0}). The main result of this section is Theorem 1.3 about the regularity of ω-solutions of (1.1) at the origin. This result extends [7, Theorem 3.2] . Namely, in [7] , the author in discussion of regularity of solutions at the origin considered equations with the natural growth on the gradient, that is, when the exponent on the gradient is e 0 = p. Here, we allow that the exponent on the gradient e 0 could be any positive number. Also in Theorem 1.3, and in Lemma 1.9, we give some results about the higher order derivative of the solutions at the origin. As a special case of this generalisation, for the second order derivative, with some other assumptions given in Lemma 1.6, we find the conditions under which the strong solution is classical. 
We shall give the proof of this theorem in the next section.
Remark 1.4. We see that if m increases, then the regularity of ω-solution u at x = 0 also increases. Let us mention that (see Lemma 1.9 below):
It follows that for m > −1 we have d 2 < 0, while for m < −1 we have d 2 > 0. We can consider this case because N ≥ 2 and m > max{−p, −N }. We have the following conclusion about the qualitative properties of ω-solution of quasilinear elliptic problem (1.1):
(a) If m < −1, then there existsε > 0, such thatũ is strictly convex for 0 < r <ε, since thenũ ′′ (r) > 0 on (0,ε). (b) If m > −1, then there existsε > 0, such thatũ is strictly concave for 0 < r <ε, since thenũ ′′ (r) < 0 on (0,ε).
In the case k = 1 we obtain from Theorem 1.3 a result on the sharpness of the spike of the graph of the solution u of (1.1) at the origin in dependence on the m. It is interesting that the sharpness of the spike does not depend of the coefficientf 0 near the gradient.
(a) Assume that 0 < e 0 < p − 1 and m ≤ e0 p−e0−1 . Let u be any ω-solution of (1.1) andũ(r) = u(x), for r = |x|. Then:
(b) Assume that e 0 > p − 1, m ≤ e0 p−e0−1 , and m = −1. Let u be any ω-solution of (1.1) andũ(r), defined below. Then:
Proof. The proof follows directly from Theorem 1.3, using (1.1). For m = −1 in the case for 0 < e 0 < p − 1, we have
For k = 2 we obtain sufficient conditions for existence of a classical solution of (1.1), which is a special case of Theorem 1.3. Let us recall that u is a classical solution of (1.1) if u ∈ C 2 (B) and if u satisfies (1.1) pointwise. We shall need the following lemma. 
In particular for m > p − 2 any ω-solution of (1.1) is also a classical solution.
Proof. The proof follows directly from Theorem 1.3, using (1.1) and (1.2). For the ω-solution u to be also the classical solution, we have to prove that all partial derivatives of the second order are continuous at x = 0. This follows directly from Lemma 1.6 and Theorem 1. 
Proofs of Theorem 1.3 and of auxiliary results
Let us first introduce some notation. For γ ∈ R and n ∈ N we define (γ) n = γ(γ − 1)(γ − 2) . . . (γ − n + 1) and (γ) 0 = 1. For any two real functions a, b : (0, T ] → R, we write a(t) ∼ b(t) when t → 0, if lim t→0 a(t) b(t) = 1. The next two lemmas will be used in the proof of Theorem 1.3.
